The Derivative












A long time ago, in the land of Poopista, the three great scholars Carshil, Phad, and Haul were joking around about slopes of curves. They were drawing silly pictures of curvy functions with “slopes” at a given point, and after many comical drawings, they realized that their original idea about slopes of curves may not have been so silly: 
Haul: Hey guys, I know it sounds crazy, but what if we define the slope of a curve at a given point to be the slope of the line that passes through just that point and that point alone?
Phad: That’s ridiculous! A point can’t have a slope!

Carshil: Besides, aren’t there an infinite number of lines that pass through the graph of a function only once, each with a different slope? 

Carshil proceeded to pull out some of his drawings to illustrate to Haul: 
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Carshil: See? If you look at the drawing of the function shown in black, all of the other lines shown pass through the function once and only once at  x=1. 

Haul: I think you make a good point. What I meant to say is the slope of the curve at a point is the same as the slope of the line that touches the curve at the point only once without crossing the curve.
Carshil: That seems to make a lot more sense. 

Phad: So what you mean Haul, is something more like this when you refer to the line that touches the graph only once?

Phad proceeded to pull out a different drawing.
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Haul: Yes, a line like what you just drew is what I was trying to describe. Let’s call this the tangent line to the graph of  f  at x=1. 

Carshil: But how do we find the slope of this line if we only know one point? 

Phad: I bet we can get pretty close to the slope of the tangent line if we pick another point on the curve and compute the rise over the run. But we shouldn’t call this the tangent line because it touches the curve at two points and “cuts” it into two. So we’ll call it the secant line. 
Haul: So what you’re saying is that we can use the slope of the secant line to approximate the slope of the tangent line? 

Phad: Yes, and the slope of the secant line is given by the…

Carshil: By the rise over the run!
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Haul: And I bet we can see how close this approximation is by looking at the graph of the function!
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Phad: I just thought of a way to make our approximations even better! What if we make the second point closer and closer to the actual point? Then the slopes of the secant lines would get closer and closer to the slopes of the tangent lines!
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Carshil: So if we make the run smaller and smaller, we’ll have an approximation that is really close to the tangent line!

Haul: But that’s not very mathematical. Let’s call the run 
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. We will say that the slope of the tangent line is the limit of the secant lines as the run or 
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Phad: But I bet we can find a general function that will give the slope of the tangent line of a function at any given point. We’ll call this function the derivative:
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Carshil: But if we can find a function that is the derivative of another function, we can treat this whole process like an operation, sort of like multiplication, division, or addition. We’ll call this operation DIFFERENTIATION and we’ll denote it when used as an operation as 
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Haul: This is all very exciting but let’s not get ahead of ourselves without trying this differentiation thing out a few times first. Let’s try to differentiate these functions with respect to x.
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(Solutions)

1. 
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The slope of the secant line is given by
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The slope of the tangent line at a point  (c, f(c)) is given by
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The DERIVATIVE of a function is given by 
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